Coloured Jones and Alexander polynomials are sequences of quantum invariants recovering the Jones and Alexander polynomials at the first terms. We show that they can be seen conceptually in the same manner, using topological tools, as intersection pairings in covering spaces between explicit homology classes given by Lagrangian submanifolds.
Introduction
The theory of quantum invariants for knots started with the discovery of the Jones polynomial. After that, Reshetikhin and Turaev developed an algebraic tool which starts with a quantum group and leads to a link invariant. Using this algebraic method, the representation theory of U q (sl(2)) leads to a family of link invariants {J N (L, q) ∈ Z[q ±1 ]} N ∈N called coloured Jones polynomials. The first term of this sequence is the original Jones polynomial. On the other hand, the quantum group at roots of unity U ξ (sl (2) ), leads to a sequence of invariants, called coloured Alexander polynomials, having the original Alexander invariant as the first term. On the topological side, R. Lawrence introduced a sequence of homological braid group representations based on coverings of configurations spaces and using these, Bigelow and Lawrence gave a homological model for the original Jones polynomial,using the skein nature of the invariant for the proof. Later on, Kohno and Ito ( [12] , [7] , [8] ) presented an identification between highest weight quantum representations of the braid group and the homological Lawrence representations.
We are interested in questions concerning topological type models for certain quantum invariants, using homological braid group actions on the homology of configuration spaces. In [2] we presented a topological model for all coloured Jones polynomials, showing that they are graded intersection pairings between two homology classes in a covering of the configuration space in the punctured disc. This result used the formulas from [7] . However, even if the definition of these homology Date: February 24, 2020. classes was explicit, it involved difficult functions to deal with from the computational point of view.
Concerning the representation theory of quantum groups at roots of unity, in [8] , Ito suggested an identification of highest weight representations at roots of unity with a quotient of the Lawrence representation. Then he concluded a homological model for the coloured Alexander invariants as a sum o traces of these truncated Lawrence representations. Based on Ito's identification at the root of unity, we showed in [3] a topological model for the coloured Alexander invariants as graded intersection pairings between two homology classes in the truncated Lawrence representation, using a quotient of the homology of the covering of the configuration space in the punctured disc.
Out of these two topological models, we reached with two precise questions: first of all, an explicit formula for the homology classes that occur in these models. On the second direction, we are interested to understand why at the root of unity the truncation occurs at the homological level. In this paper we aim to answer this problems.
In [16] , Martel presented a version of Kohno's identification for the generic quantum group U q (sl(2)) with more explicit bases in the Lawrence representation. In the sequel we will use this identification.
The main result of this paper shows that we can see the coloured Jones polynomials and coloured Alexander polynomials conceptually in the same way, from the Lawrence representation over two variables.
First of all, we start on the algebraic side with quantum representations on weight spaces from the generic Verma module over two variables. We remark that when specialise to one variable with q generic or q = ξ N root of unity, we can use weight spaces in an N -dimensional subspace inside the Verma module. For the generic version this is not surprising, however, for the root of unity case this differs from the usual construction of the coloured Alexander invariants. After we study the precise form of the coefficients of the R-matrix after specialisations, we show that we can see both coloured Jones invariants and coloured Alexander invariants from a specific weight space inside the Verma module over two variables. Then, we use identifications with the homological Lawrence representation and we construct certain homology classes. In the last part, we show that the graded intersection pairing between these classes leads by two different specialisation to the two sequences of quantum invariants, namely coloured Jones polynomials and coloured Alexander polynomials.
Description of the topological tools. Let C n,m be the unordered configuration space of m-points in the n-punctured disc. We will use the following tools for our construction:
( Notation 1.0.1. We will use the following specialisations:
given by the formula:
. (Coloured Jones and Alexander invariants from generic intersection pairings)
There exist two homology classes F N n , F ξN n ∈ H 2n−1,(n−1)(N −1) which are linear combinations of the basic submanifolds U and let G N n ∈ H ∂ 2n−1,(n−1)(N −1) be the product of figure-eight configuration spaces from the picture above. Then, if L =β n we have the following models:
This model answers the first question and we see that the classes that give the coloured Alexander and Jones polynomials are given by explicit linear combinations of Lagrangians in the configuration space. For the case N = 2 corresponding to the original Jones polynomial, we see that our classes are similar with Bigelow's generators, except that we have the point in the middle of the forks pushed towards the boundary. Now we discuss a bit related to the second question, namely the truncation of the Lawrence representation. The previous models for the coloured Alexander polynomials used this quotient at the homological level. From Theorem 1.0.2, we see that the truncation part at the root of unity is reflected on the homological side directly by the specialisation ψ ξN ,λ . In other words, this specialisation is powerful enough to contain the truncation which occured previously. Corollary 1.0.5. (Coloured Alexander Invariants from Z ⊕ Z N covering spaces) Let H N n,m be the Lawrence representation defined using the local system Z ⊕ Z N (by projecting the second component of the Z ⊕ Z local system modulo N ). We denote the corresponding intersection pairing by <, > N . Consider the homology classes: F N n ∈ H N 2n−1,(n−1)(N −1) and G N n ∈ H ∂,N 2n−1,(n−1)(N −1) given by the same geometric submanifolds as above. Then the coloured Alexander invariant is given by the following intersection:
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2.
Representation theory of U q (sl(2)) Definition 2.0.1. Let q, s parameters and consider the ring
Consider the quantum enveloping algebra U q (sl(2)), to be the algebra over L s generated by the elements {E, F (n) , K ±1 | n ∈ N * } with the following relations:
Then, one has that U q (sl(2)) is a Hopf algebra with the following comultiplication, counit and antipode:
We will use the following notations: ConsiderV be the L s -module generated by an infinite family of vectors {v 0 , v 1 , ...}. The following relations define an U q (sl(2)) action onV :
In the sequel, we will use certain specialisations of the previous quantum group. Definition 2.0.3. We consider two type of specialisations of the coefficients, where we specialise the highest weight using q λ : Case a) (q generic, λ = N − 1 ∈ N):
, λ ∈ C generic):
Using these specialisations, we will consider the corresponding specialised quantum groups and their representation theory. We obtain the following:
Ring
Quantum Group Representations Specialisations
Lemma 2.0.4. For the cases a) of natural highest weight λ,V q,N −1 has an Ndimensional U -submodule generated by the first N vectors {v 0 , ..., v N −1 }. We denote this by:
Notation 2.0.5. For the root of unity case, we consider the C-vector space generated by the first N vectors in the specialisation of the generic Verma module as follows: [7] )(Braid group action on the Verma module) There exist an R-matrix for the generic quantum group R ∈ U q (sl(2))⊗U q (sl(2)) given by the following expression:
By twisting the two components on which we act with R-matrix, we consider the following element:
Proposition 2.0.7. This element, leads to representations of the braid group on the generic Verma moduleV of U q (sl(2)) as follows
The category of finite dimensional representations of U has the following dualities:
2) For the root of unity case, we will use the following maps:
In this part, we will consider certain subspaces in tensor powers of U q (sl(2)) prescribed by the K-action. They will be important in the sequel because they carry homological information.
Definition 2.1.1. (Highest weight spaces) 1) Generic case
The n th -weight space of the generic Verma moduleV corresponding to the weight m is given by:
2) The case q generic The weight space ofV ⊗n q,N −1 corresponding to the weight m:
The representation ϕV n induces a well defined action on the generic weight spacesφ n,m : B n → Aut(V n,m ). called the generic quantum representation on weight spaces of the Verma module.
We will use the following indexing set: E n,m = {e = (e 1 , ..., e n ) ∈ N n−1 | e 1 + ... + e n = m}.
Remark 2.1.3. (Basis for weight spaces) A basis for the generic weight space is given by:
Similarly, using the specialisation with generic q, we get induced braid group actions as follows.
n called the quantum representation on weight spaces in the finite dimensional module.
Lemma 2.1.5. For the root of unity case, due to the choice of basis, we do not have immediately U λ a submodule over the quantum group. This can be corrected by a change of basis, but for our purpose, we can work with this version. The important part, is that the specialised R-matrix at roots of unity, leads to a well defined action onto U ⊗n λ which commutes with the inclusion:
Proof. This ca be seen directly from the coefficients of the R-matrix and the property that the powers E n act non-zero to the finite part just if n ≤ N − 1. In this case, the coefficients of the powers of F (n) will contain [N ] ξN which vanish due to the root of unity.
This allows us to define quantum representations for the root of unity case as follows: 
is a well defined action induced by ϕV
n called the quantum representation on weight spaces in the finite dimensional module at root of unity.
Coloured Jones polynomials as renormalised invariants. The coloured
Jones polynomials form a sequence of invariants constructed from the finite dimensional representation V N . In the sequel, we denote by w : B n → Z the map given by the abelianisation. Consider L be an oriented knot and β ∈ B n such that L =β (braid closure) Then, the Reshetikhin-Turaev construction leads to the following formula:
Having in mind the normalisation procedure, we can obtain the coloured Jones polynomials by cutting a strand as follows:
is the projection onto the subspace generated by the highest weight vector v 0 . Let L be an oriented knot. Consider β n ∈ B n such that L =β n . Then, the ADO invariant of L can be expressed as follows:
Here p : U λ → C is the projection onto the subspace generated by the highest weight vector v 0 .
Lawrence representation
In this part, we will briefly introduce a version of Lawrence representation that will be suitable for our topological models. We will use the definitions from [16] . Let us fix two natural numbers n and m. We consider D n to be the two dimensional disc with boundary, with n-punctures: D n = D 2 \ {1, ..., n}. Let us define the unordered configuration space in this punctured disc:
For the sequel, we fix d 1 , ..d m ∈ ∂D n and d = (d 1 , ..., d m ) the corresponding base point in the configuration space. Let ρ : π 1 (C n,m ) → H 1 (C n,m ) be the abelianisation map. For m ≥ 2, the homology of the unordered configuration space, is known to be:
where σ i ∈ π 1 (C n,m ) is represented by the loop in C n,m with m − 1 fixed components and the first one going on a loop in D n around the puncture p i . The generator δ ∈ π 1 (C n,m ) is given by a loop in the configuration space with (m − 2) constant points and the first two components which swaps the two initial points. The two generators are presented in the picture below.
Let p : Z n ⊕ Z → Z ⊕ Z be the augmentation map given by:
p(x 1 , ..., x m , y) = (x 1 + ... + x m , y).
Combining the two morphisms, let us consider the local system:
Definition 3.1.2. (Covering of the configuration space) LetC n,m be the covering of C n,m corresponding to the local system φ. Then, the deck transformations of this covering are given by:
One of the main tools in this construction is the homology of this covering space. Let us fix a point w ∈ ∂D n . ., x m )|x i = x j }) → C n,m Then, the product of these configuration spaces leads to a submanifold in the configuration space:
F e := π m (Conf e1 × ... × Conf en−1 ) Now, we fix a set of paths to the fixed points: η e k : [0, 1] → D n as in the picture. The product of these paths, gives a path in the configuration space. The set of paths η e k , going from the segments to d, leads to a path in the configuration space: η e := π m • (η e 1 , ..., η e m ) : [0, 1] → C n,m .
Let us consider the unique lift of the path η e and denote it byη such that (20) η e : [0, 1] m →C n,m γ e (0) =d.
3) Multiarcs
LetF e be the uniqe lift of the submanifold F e such that (21) F e : (0, 1) m →C n,m η e (1) ∈F e .
Using this submanifold, we obtain a class in the Borel-Moore homology
. This is called the multiarc corresponding to the partition e ∈ E n,m . We denote by
. the class given by the submanifold which is obtained in the same way, using multi segments between punctures instead configuration points on a certain segment. 
Here, (i) d = 1−d x 1−d . This shows that:
For our case, we will use a Poincaré-Lefschetz duality, between middle dimensional homologies of the covering space with respect to differents parts of the its boundary. For the computational part, we will change slightly the infinity part of the configuration space and denote the following (24) H n,m :=H lf,− m (C n,m , Z) the homology relative to the infinity part that encodes the boundary of the configuration space consisting in the multipoints that touch a puncture from the punctured disc or the base point w.
H ∂ n,m :=H lf,∆ m (C n,m , ∂; Z) the homolgy relative to the boundary ofC n,m which is not in the fiber over w and relative to the Borel-Moore part which corresponds to collisions of points in the configuration space.
We present the detailed definition of this construction in [4] . In the sequel, we use the classes which we discussed before, seenin the modified version of the homology H n,m . However, following [4] , all relations between the homology classes still hold in this version of the homology.
Notation 3.2.6. (Lawrence representation)
We denote the braid group action in the basis given by multiarcs by:
l n,m : B n → Aut(H n,m ).
Identification between weight space representations and homological representations.
The advantage of the basis presented in the above section consists in the fact that this correspond to the basis in the generic weight space given by monomials. More precisely, we have the following: Notation 3.3.1. We will use the following specialisation: 
Intersection pairing.
In this part, we present the duality that leads to a topological pairing between the two types of homology of the covering space: Consider two homology classes F ∈ H n,m , G ∈ H ∂ n,m . Suppose that these classes are represented by two m-manifoldsM ,Ñ ⊆C n,m , which intersect transversely such that:
card |M ∩ tÑ | < ∞, ∀t ∈ Deck(C n,m , C n,m ).
Then, the intersection form is given by:
(here, (·, ·) is the usual geometric intersection number)
In the following, we will see that if the submanifolds are actually lifts of submanifolds from the configuration space, the intersection pairing in the covering space is encoded in the base space.
Suppose that there exist immersed submanifolds M, N ⊆ C n,m which intersect transversely in a finite number of points such thatM is a lift of M throughd and N is a lift of N throughd. Suppose we have two paths γ M , δ N : [0, 1] → C n,m such that:
Moreover, considerγ M ,δ N : [0, 1] → C n,m such that:
Then, consider the loop as follows:
Formula for the intersection form Then, using this loops and the local system we obtain the intersection form as follows:
Construction of the generic homology classes
In this part, we construct certain homology classes in the generic Lawrence representation, which correspond to the evaluation and coevaluation. Since the coevaluation for the root of unity case and generic case differ by a coefficient, we will take this into account in our construction. In the following sections, we will prove that when specialised to the two cases, the generic case and the root of unity case, they lead to the coloured Jones polynomial and coloured Alexander polynomial respectively. Remark 4.0.1. The main point is that the R-matrix for the construction of the coloured Alexander polynomial, whose formula is presented in [7] , is obtained from the generic R-matrix that we described by the specialisation η ξN ,λ . Thus, at the level of braid group representations, we can use the generic R-matrix and then specialise it. The difference occurs in the dualities presented in 10.
Let us start with a knot K that can be presented as a closure of a braid β n with n strands. The Reshetikhin-Turaev construction is obtained from the functor applied to the three main levels of the diagram corresponding to the caps, cups and the braid: As we have seen before, for both coloured Jones case and coloured Alexander case, the braid part comes from the generic action ϕV . In this part, we will use the definition of the coevaluation and evaluation for the two situations. :
1) the evaluation
Since coevaluations are morphisms that commute with the K action, we know that:
In other words, the coevaluation from above arrives in the weight space of weight (n − 1)(N − 1) inside the mixt tensor productV ⊗n−1 ⊗ (V ⋆ ) ⊗n−1 .
4.1.
Construction. In the sequel, we will modify the evaluation and coevaluation by an isomorphism such that it will make the computation more simple on the homological part. Notation 4.1.1. We will use the generic vector space generated by the first N vectors:
For a morphism of vector spaces f : (V ⋆ ) ⊗n−1 →V ⊗n−1 of the type:
we denote the deformed evaluation and coevaluation as follows:
If we act with β n ⊗ I n−1 , we could use the deformed evaluation and coevaluation instead of the usual ones and we have:
Proof. We just have to notice that on the part where f is nontrivial, the braid is trivial, so all what we have to do is to reverse the orientation of the strands and then cancel f with f −1 .
Definition 4.1.3. (Choice of normalisation) We will work at a certain point over a slightly bigger ring where we invert the quantum factorials smaller than N − 1:
Then we considerγ N : Z[x ± , d ± ] →L N the extension of γ using this new ring. For our purpose, in order to pass from a multiarc to a code sequence, we will need to invert the coefficients as follows:
Remark 4.1.4. The specialisations η q,N −1 and η ξN ,λ are well defined onL N . Here, we use that ξ N is a root of unity of order 2N . If we consider the evaluations for the coloured Jones case and for the coloured Alexander case, they differ by the fact that one uses the K −1 action whereas the other has the action of K N −1 , at the root of unity. This means that:
otherwise by the specialisation η q,N −1 .
otherwise by the specialisation η ξN ,λ .
Then, we denote the polynomials that encode these evaluation maps as follows:
First homology class.
Definition 4.2.1. Let us consider P N n ∈ H 2n−1,(n−1)(N −1) given by:
4.3. Identification using code sequences. For our case, it will be more convenient to use the basis of code sequences instead of multiarcs. In the sequel, we will see that actually for our type of braid actions, we can use this basis instead. is still equivariant with respect to the B n ∪ I n−1 -action and the bases correspond as follows: This lemma will allow us in the specialised case to use the code sequences instead of the normalised multiarcs. We will have to work overL, but actually the elements that we are interested in will be defined over L, so overall we will obtain the results over L. 
where m, m ′ are polynomials in (n − 1) − variables.
Proof. We notice that each configuration of (N − 1) points on a fixed figure eight around the point i and 2n − 1 − i intersects uniquely the collection of red segments with multiplicities (e i , N − 1 − e i ). Doing this for all pairs indexed by i ∈ {1, ..., n − 1}, we conclude that U 0,i1,...,in−1,N −1−in−1,...,N −1−i1 and G N n intersect in an unique point in the configuration space. Thus, we only need to compute the scalar that corresponds to this point, which will be an element from the Deck transformation group, given by a monomial in x and d which we denote by x −m(i1,...,in−1) d −m ′ (i1,...,in−1) . x −m(i1,...,in−1) d −m ′ (i1,...,in−1) p N n (i 1 , .., i n−1 )
Topological intersection model for the coloured Jones invariants
In this part, we show the model from the main theorem for the Coloured Jones polynomials. We remind the definition from 17:
5.1.
Step I. First, we will add the extra morphism coming from the normalisation f n . We notice that we can use this in order to describe the invariant through the particular weight space of weight (n − 1)(N − 1) as follows.
Step IV. In this part, we will discuss which basis we will use in the homological Lawrence representation. In order to pass from the evaluation to the geometric part, we notice that geometrically, we need a submanifold which intersects U e nonempty if and only if e is a partition symmetric up to the N − 1 reflection with respect to the middle of the disc. In other words, exactly the partitions that occur from the evaluation in the formulas for F N n . Then from the shapes of figure eights that are building blocks for G N n , we see directly by computing the intersection form that they have this property.
We conclude: (52)
This concludes the topological model for the coloured Jones invariants.
Topological intersection model for the coloured Alexander invariants
Following equation 18, the coloured Alexander invariant can be expressed as:
6.1.
Step I. (Using the normalised evaluations) For the root of unity case, there is a subtletly related to the version of the quantum group that we are using, coming from the divided powers of the generator F . In [8] , there is given the definition of the coloured Alexander invariant from the usual quantum group U q (sl (2) . The main point is that if we look at the R-matrix, its action on elementary vectors has the same formula as the one that we have, after we specialise at a root of unity. So, at the level of the braid group action, we can use the version of the R-matrix presented above. The subtletly occurs at the level of the module. The problem, is that in this versionV ξ,λ do not gain an N -dimensional submodule as in the case of the quantum group with the usual generators. However, we consider U λ the vector subspace generated by the first N -vectors inside the Verma one. The main point now is that we need to deal just with weight spaces and R-matrix action. The remark is that even if U λ is not a submodule, its tensor power inside the tensor power of the specialised Verma module is preserved by the braid group action as in Lemma 2.1.5. We conclude the following: 6.6.
Step VI. Now, we modify slightly the isomorphism using the function g N such that we arrive at the basis of code sequences, which is more convenient for us. We would like to emphasise here, that there is a subtle point related to the coefficients that occur in the fucnction g N , which contain non-trivial denominators. However, we use the normalisation just for the vectors from the small weight space, whose corresponding normalisation coefficients have quantum factorials smaller or equal than N − 1 (since the components of the vectors are all smaller than that) and so do not vanish at the root of unity. Having this in mind, we obtain:
6.7.
Step VII. Moving the coevaluation on the topological side, we obtain:
• l 2n−1,(n−1)(N −1) | ψ ξ N ,λ (β n ⊗ I n−1 )P N n .
6.8.
Step VIII. In the last part, we will move the coevaluation on the homological side, in a similar manner as we did for the generic case, and correct accordingly the classes corresponding to the evaluation changing from P N n to F ξN n : p ξN n (i 1 , .., i n−1 )(β n ⊗ I n−1 )U 0,i1,...,in−1,N −1−in−1,...,N −1−i1 , G N n > | ψ ξ N ,λ = = ξ N (N −1)λw(βn) < (β n ⊗ I n−1 )F ξN n , G N n > | ψ ξ N ,λ . This concludes the intersection formula for the family of the coloured Alexander invariants.
